An irreducible character χ of an association scheme (X, S) is called nonlinear if the multiplicity of χ is greater than one. The main result of this paper gives a classification of association schemes, which contain exactly one nonlinear irreducible character. We also give a characterization of a class of association schemes with exactly two nonlinear irreducible characters.
Introduction
In the character theory of association schemes, the character values of irreducible characters give many useful information about association schemes. In particular, the multiplicities of irreducible characters paly an important role for the determining the structure of association schemes. For instance, from [8] it follows that for a pvalanced association scheme (X, S) if the multiplicity of every irreducible character is a power of the prime p, then (X, S) has a normal p-complement.
An interesting problem about the multiplicities of irreducible characters is what can be said about (X, S) when the number of nonlinear irreducible characters is known. An irreducible character χ of an association scheme (X, S) is called nonlinear if m χ > 1. In this paper we classify the structure of commutative association schemes with at most two nonlinear irreducible characters. Moreover, we show that every association scheme with one nonlinear irreducible character is a grouplike scheme. We also give a characterization of a class of association schemes with exactly two nonlinear irreducible characters.
Preliminaries
Let us first state some necessary definitions and notation. For details, we refer the reader to [12] for the background of association schemes. Throughout this paper, C denotes the complex numbers.
Definition 2.1. Let X be a finite set and S = {s 0 , s 1 , . . . , s n } be a partition of X × X. Then (X, S) is called an association scheme with n classes if the following properties hold:
(ii) For every s ∈ S, s * is also in S, where s * := {(x, y)|(y, x) ∈ s}.
(iii) For every g, h, k ∈ S, there exists a nonnegative integer λ ghk such that for every (x, y) ∈ k, there exist exactly λ ghk elements z ∈ X with (x, z) ∈ g and (z, y) ∈ h.
The diagonal relation s 0 will be denoted by 1. For each s ∈ S, we call n s = λ ss * 1 the valency of s. For any nonempty subset H of S, put n H = h∈H n h . We call n S the order of (X, S). An association scheme (X, S) is called commutative if for all g, h, k ∈ S, λ ghk = λ hgk . A closed subset H of S is called strongly normal, denoted by H ⊳ ♯ S, if sHs * = H for any s ∈ S. We put O ϑ (S) = ∩ H⊳ ♯ S H and call it the thin residue of H. For a closed subset H of S, the number n S /n H is called the index of H in S and is denoted by |S : H|.
Let H be a closed subset of S. For every h ∈ H we define xh = {y ∈ X|(x, y) ∈ h}. Put X/ /H = {xH|x ∈ X} and S/ /H = {s H |s ∈ S}, where xH = h∈H xh and s H = {(xH, yH)|y ∈ xHsH}. Then (X/ /H, S/ /H) is an association scheme, called the quotient scheme of (X, S) over H. Note that a closed subset H is strongly normal iff the quotient scheme (X/ /H, S/ /H) is a group with respect to the relational product iff ss * ⊆ H, for every s ∈ S. Let (X, S) be an association scheme. For every s ∈ S, let σ s be the adjacency matrix of s. For convenience, σ 1 is denoted by 1. It is known that CS = s∈S Cσ s , the adjacency algebra of (X, S), is a semisimple algebra. The set of irreducible characters of S is denoted by Irr(S). One can see that 1 S ∈ Hom C (CS, C) such that 1 S (σ s ) = n s is an irreducible character of CS, called the principal character. In [5] , Hanaki has shown that the irreducible characters of S/ /O ϑ (S) can be considered as irreducible characters of S.
Let Γ S be a representation of CS which sends σ s to itself for every s ∈ S. Let γ S be the character afforded by Γ S . Then one can see that γ S (1) = |X| and γ S (σ s ) = 0 for every 1 = s ∈ S. Consider the following irreducible decomposition of γ S ,
We call m χ the multiplicity of χ. One can see that m 1 S = 1 and |X| = χ∈Irr(S) m χ χ(1) (see [12, section 4] ). Example 2.2. Let G be a finite group and C 0 = {1}, C 1 , . . . , C h be the conjugacy classes of G. Define R i by (x, y) ∈ R i if and only if xy −1 ∈ C i , where x, y ∈ G. Put S = {R i } 0≤i≤h . Then one can see that (G, S) is an association scheme, which is called the group association scheme of G. Moreover, the adjacency algebra of (G, S) is isomorphic to the algebra Z(CG) with the basis Cla(G), where Z(CG) is the center of group algebra CG and Cla(G) = {K 0 , · · · , K h }, with K i = g∈C i g. Furthermore, {ω χ | χ ∈ Irr(G)} is the set of irreducible characters of Z(CG), where
Let (X, S) and (Y, F ) be association schemes. For every s ∈ S we define
Then (X × Y, S ≀ F ) is an association scheme called the wreath product of (X, S) and (Y, F ), where
Let χ 1 = 1 S , . . . , χ r be all irreducible characters of (X, S) and let ψ 1 = 1 F , . . . , ψ t be all irreducible characters of (Y, F ). We define
Then we have the following result.
Theorem 2.3. (see [6] ) In the above notation, χ 2 , . . . , χ r , ψ 1 , . . . , ψ t are all irreducible characters of (X × Y, S ≀ F ).
Main Results
Let G be a finite group. An irreducible character χ of G is called nonlinear if χ(1) > 1. The classification of finite groups with only one nonlinear irreducible character are given in different ways; see [10, 11] . In this section we first define the concept of the nonlinear irreducible character for association schemes and then give a characterization of association schemes with only one nonlinear irreducible character. Let (X, S) be an association schemes. We say that an irreducible character χ of S is linear if m χ = 1; otherwise χ is called nonlinear. If (G, S) is the group association scheme of G, then an irreducible character χ of G is nonlinear iff the irreducible character ω χ of S is nonlinear; see Example 2.2. Moreover, if (X, S) is commutative, then from [9] we conclude that an irreducible character χ ∈ Irr(S) is linear iff χ ∈ Irr(S/ /O ϑ (S)).
Lemma 3.1. A commutative association scheme (X, S) has only one nonlinear irreducible character iff S is the wreath product of a trivial scheme and an abelian group.
Proof. First we assume that S contains only one nonlinear irreducible char-
T n }, for some relations s i ∈ S. Since |S| = |S/ /T | + 1, it follows that S = {1, t, s 1 , . . . , s n } and T = {1, t}, for some relation t. Now since
from [1, Corollary 4.5] we have S = T ≀ S/ /T , where T is the trivial association scheme {1, t}. Now let S is the wreath product of a trivial scheme and an abelian group. Then from Theorem 2.3 we conclude that S contains only one nonlinear irreducible character.
From above lemma we can give the following characterization of finite groups with exactly one nonlinear irreducible character. Corollary 3.2. A finite group G has exactly one nonlinear irreducible character iff the derived subgroup G ′ of G contains two conjugacy classes C 0 and C 1 and the group association scheme of G is a wreath product of the trivial scheme H = K 0 ∪K 1 and an abelian group.
Proof. Let (G, S) be the group association scheme of G. Since for some relation R of S we have R ∈ O ϑ (S) iff C ⊆ G ′ , where R = {(x, y)|xy −1 ∈ C}, the results follow from Lemma 3. In the theorem below we will give a classification of association schemes with exactly one nonlinear irreducible character. To do this, we recall the notion of the group-like scheme in the sense of [2] .
Let (X, S) be an association scheme. We define a binary relation ∼ on S as follows. For s, t ∈ S, we write s ∼ t if
for every χ ∈ Irr(S). Then ∼ is an equivalence relation. For s ∈ S, put s = ∪ t∼s s and S = { s|s ∈ S}. If Z(CS) = s∈ S Cσ s , then (X, S) is called a group-like scheme.
Theorem 3.3. An association scheme (X, S) has only one nonlinear irreducible character iff it is a group-like scheme and (X, S) is the wreath product of a trivial scheme and an abelian group.
Proof. Suppose that (X, S) has only one nonlinear irreducible character. Then we first note that for every s, t ∈ S −S ′ , we have s
Theorem 3.5]). On the other hand, since S/ /S ′ is an abelian group, Irr(S/ /S ′ ) acts on Irr(S) by
for every ψ ∈ Irr(S) and ζ ∈ Irr(S/ /S ′ ); (see [4, Theorem 3.4] ). Since χ is the only irreducible character with m χ > 1 we conclude that the orbit of χ has length 1. This implies that for every ζ ∈ Irr(S/S ′ ), χζ = χ. Since for every s ∈ S − S ′ , there exists ζ ∈ Irr(S/ /S ′ ) such that ζ(σ s S ′ ) = 1, from equality χ(σ s ) = χ(σ s )ζ(σ s S ′ ) we have χ(σ s ) = 0. Then for every s, t ∈ S − S ′ , we have s S ′ = t S ′ iff for every ψ ∈ Irr(S), ψ(σ s )/n s = ψ(σ t )/n t . Now let 1 = s ∈ S ′ . Since
Then we have χ(σ s ) = −|S/ /S ′ |n s m χ and hence
So for every t ∈ S ′ , (2) shows that
Since for every ψ ∈ Irr(S/ /S ′ ) we have
for every ψ ∈ Irr(S). Now let ∼ be the equivalence relation which is defined in (1). Then from above we conclude that
for some t ∈ S ′ . Then | S| = |S/ /S ′ | + 1. Since dimZ(CS) = |Irr(S)| = |S/ /S ′ | + 1 it follows that C S = Z(CS). Hence (X, S) is a group-like scheme. Now Lemma 3.1 shows that (X, S) is the wreath product of a trivial scheme and an abelian group.
Conversely, suppose that (X, S) is a group-like scheme and (X, S) is the wreath product of a trivial scheme and an abelian group. Then from Lemma 3.1 it follows that (X, S) has only one nonlinear irreducible character. Since m χ = χ(1)m χ , for every χ ∈ Irr(S) we conclude that (X, S) has only one nonlinear irreducible character. The proof is now complete.
In the theorem below we give a classification of association schemes with exactly two nonlinear irreducible characters. Theorem 3.4. Let (X, S) be a commutative association scheme such that it contains exactly two nonlinear irreducible characters. If |Irr(S)| > 3, then one of the following holds:
(ii) |O ϑ (S)| = 2 and there exists a strongly normal closed subset H of S such that
Proof. Let χ and ψ be two nonlinear irreducible characters of S. Put T = O ϑ (S). First we assume that χ T = ψ T . It follows that Irr(T ) = {1 T , χ T , ψ T }. 
for every ϕ ∈ Irr(S) and ζ ∈ Irr(S/ /T ). Since χ T = ψ T , it follows that the orbits of χ and ψ have length 1. So for every ζ ∈ Irr(S/ /T ) we have χζ = χ and ψζ = ψ. Since for every s ∈ S − T , there exists ζ ∈ Irr(S/ /T ) such that ζ(σ s T ) = 1, from equalities χ(σ s )ζ(σ s T ) = χ(σ s ) and ψ(σ s )ζ(σ s T ) = ψ(σ s ), we conclude that χ(σ s ) = ψ(σ s ) = 0, for every s ∈ S − T . Now we show that for every s, t ∈ S − T , s T = t T and hence |S/ /T | = |S| − |T | + 1. Suppose that s T = t T . Then for every ϕ ∈ Irr(S/ /T ), we have
Since χ(σ s ) = ψ(σ t ) = 0, it follows that for every ϕ ∈ Irr(S), ϕ(σ s )/n s = ϕ(σ t )/n t . This is a contradiction since the character table of CS is a nonsingular matrix. So |S/ /T | = |S| − |T | + 1. This implies that |S| = |S/ /T | + 2 = |S/ /T | + |T | − 1 and [1, Corollary 4.5] shows that S = T ≀ S/ /T . Now we can assume that χ T = ψ T . We show that |T | = 2. Suppose that s, t ∈ T − {1}. Since for every ϕ ∈ Irr(S/ /T ), ϕ(σ s )/n s = ϕ(σ t )/n t = 1 and χ(σ s ) = ψ(σ t ), it follows that s = t. Hence T = {1, s}, for some s ∈ T . Then since |S| = |S/ /T | + 2, it follows that there exist exactly two relations g, h ∈ S − T such that g T = h T . We show that H = {1, s, g, h} is a strongly normal closed subset of S such that |H : T | = 2. To do this, first note that g and h are symmetric relations. Moreover, since g T = h T , we have σ g σ h = λσ s , for some positive integer λ. If for some relation f we have f ∈ Supp(sg), then since λ sgf n f = λ f gs n s , we conclude that s ∈ Supp(f g) and hence f T = g T . Our assumption on g and h shows that f ∈ {g, h} and then Supp(sg) ⊆ {g, h}. Similarly, Supp(sh) ⊆ {g, h}. This implies that H = {1, s, g, h} is a closed subset of S. Since H/ /T is a subgroup of the abelian group S/ /T , it follows that H is also strongly normal closed subset of S. Clearly if H is thin, then |H : T | = 2. Otherwise, since χ H and ψ H are two nonlinear irreducible characters of H, we conclude that |H : T | = 2.
From the above theorem we can obtain the following classification of finite groups with two nonlinear irreducible characters. Corollary 3.5. A finite group G with at least three elements has exactly two nonlinear irreducible characters iff one of the following holds:
′ contains three conjugacy classes C 0 , C 1 and C 2 and the group association scheme S of G is the wreath product H = {R 0 , R 1 , R 2 } with an abelian group, where
(ii) G ′ contains two conjugacy classes C 0 and C 1 and there exists a normal subgroup H of G such that |H :
The following theorem gives a characterization of a class of association schemes with exactly two nonlinear irreducible characters. Theorem 3.6. Let (X, S) be an association scheme of odd order such that it contains exactly two nonlinear irreducible characters. If |Irr(S)| > 3 and S ′ is commutative then (X, S) is a group-like scheme. Moreover, |O ϑ ( S)| = 3 and
Proof. Since S/ /S ′ can be identified with an abelian group, one can see that Irr(S/ /S ′ ) acts on Irr(S) by
for every ϕ ∈ Irr(S) and ζ ∈ Irr(S/ /S ′ ); (see [4, Theorem 3.4] ). Let χ and ψ be two nonlinear irreducible characters of S. First we assume that the orbit of χ under this action has length 1. Then since χ and ψ are only two nonlinear irreducible characters of S, the orbit of ψ also has length 1. This implies that χ S ′ = ψ S ′ and for every ζ ∈ Irr(S/S ′ ), χζ = χ and ψζ = ψ. Since for every
for every φ ∈ Irr(S/ /S ′ ). Since χ and ψ both vanish on S − T , we conclude that s S ′ = t S ′ iff φ(σ s )/n s = φ(σ t )/n t , for very φ ∈ Irr(S). Now let P = (φ i (σ s )) s∈S be the character table of (X, S), viewed as a matrix and consider submatrix M = (φ i (σ s )) s∈S ′ of P . Since the rows of the character table of S ′ are linearly independent, the rows 1 S ′ , χ S ′ and ψ S ′ are linearly independent rows of M, so the rank of M is 3. This implies that M has three linearly independent columns. Now we define ∼ is the equivalence relation given in (1). From the above one can see that for every s, t ∈ S − S ′ we have s ∼ t iff s S ′ = t S ′ . So there exist |S/ /S ′ | − 1 equivalence classes on S − S ′ . One the other hand, let 1, s and t are three linearly independent columns of M. Then for every column h of S ′ − {1, s, t} we have φ(σ h )/n h = φ(σ s )/n s or φ(σ h )/n h = φ(σ t )/n t . Hence there exist three equivalence classes on S ′ . It follows that there are |S/ /S ′ | − 1 + 3 = |S/ /S ′ | + 2 equivalence classes on S. Since |S| = |S/ /S ′ | + 2, we conclude that S is a group-like scheme. Put χ = χ χ (1) and ψ = ψ ψ (1) . Then χ and ψ are nonlinear irreducible characters of S; see [2] . Since χ(σ s ) = ψ(σ t ), for every s ∈ S ′ , part (i) of Theorem 3.4 shows that |O ϑ ( S)| = 3 and S = O ϑ ( S) ≀ S/ /O ϑ ( S). To complete the proof, we suppose that the orbit of χ has length greater than 1. Since χ and ψ are only two nonlinear irreducible characters of S, it follows that χ and ψ are in the same orbit of length 2. This shows that 2 | |S/ /S ′ | = n S /n S ′ . This is a contradiction since by hypothesis n S is a odd number.
Remark 3.7. The condition |Irr(S)| > 3 is a necessary condition in Theorem 3.6; see example below.
Example 3.8. Let (X, S) be the association scheme of order 21, No. 19 in [7] , where S = {s 0 , · · · , s 6 }. Then from [7] the character table of the adjacency algebra of S is as follows. One can see that (X, S) has two nonlinear irreducible characters, but it is not a group-like scheme and the assertion of Theorem 3.6 does not hold for (X, S).
